Abstract. In this paper, we make use of a Bayesian (supervised learning) approach in pricing American options via Monte Carlo simulations. We first present Gaussian process regression (Kriging) approach for American options pricing and compare its performance in estimating the continuation value with the Longstaff and Schwartz algorithm. Secondly, we explore the control variates technique in combination with Kriging to further improve the estimation of the continuation value. This method allows to reduce dramatically the standard errors and to improve the stability of the Kriging approach. For illustrative purposes, we use American put options on a stock whose dynamics is given by Heston model, and use European options on the same stock as control variates.
Introduction
American options pricing efficiency remains a topic of heated interest and research in Computational Mathematics and Finance. American style options offer great flexibility in all financial and trading markets such as stock, equity, commodity, credit and forex due to the possibility of an early exercise. However, there are no closedform analytical valuation of these types of derivatives because of the optimal exercise problem created by the early exercise.
The increasing difficulty of pricing American options when the underlying follows a complex stochastic process dynamics have turned researchers to the use of the Monte Carlo simulations. Monte-Carlo simulations complexity increases linearly with
In the pricing framework, we will be using Heston 2-dimensional model to depart from Black-Scholes 1-dimensional dynamics and to show the performance the Kriging method on a multidimensional asset. Heston model is a mathematical model which assumes a non-constant volatility of an underlying asset and was first introduced by Heston [6] . Let S t be the underlying asset under risk neutral measure with variance v t that follows a CIR process:
where S 0 ≥ 0, v 0 > 0 are initial value of the asset and its variance and W
are standard Wiener process with the following parameters: r-risk free rate, |ρ| < 1-correlation of W Q 1,t and W Q 2,t , κ > 0-mean reverting rate of variance, θ > 0-long run variance, and σ > 0-volatility of variance.
American options with maturity T can be formulated as a process {H τ ∈ F τ } 0≤τ ≤T which represents the discounted payoff of the option in case of exercise at time τ . Denote T of admissible stopping time τ taking values [0, T ]. Then the initial price of this option can be written as:
Let the financial asset S τ follow Heston dynamics then an American put option with maturity T and strike price K written on an asset S τ has payoff h(S τ ) = (K − S τ ) + and the following price at time t:
The supremum is achieved for stopping optimal time τ * :
where B τ is called optimal exercise boundary.
Monte Carlo Formulation
In order to be able to tackle numerically the American option pricing problem with Monte Carlo method, we have to depart from the continuous case and restrict to option classes with discrete exercise. Bermudan options are a hybrid between American options and European which allows the option to be exercised at specific dates before maturity. In our case lets define uniform discretization of the time interval [0, T ] with distance ∆t = T N and 0 = t 0 < t 1 < ... < t N = T equidistant exercise opportunities. The asset value S t is also simulated at the same time steps {t i } i∈{0,..,N } as the discretization. The simulation of S t1 , ..., S t N is affected by discretization error which is described in detail by Kloeden & Platen [9] and Glasserman [3] .
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Monte Carlo methods for pricing American option are based on the backward dynamic programming formulation which estimates recursively the value of the option. Let's denote X = (S, v) the underlying stochastic process, h(X ti ) the discounted payoff of the option, and V ti the discounted value of the option at time t i . The recursive estimation of the option value is defined in the following way:
The above equation states that the value of the option at expiration time t N is exactly the payoff of the option h(X t N ). At any other time 0 ≤ t i < t N , the value of the option V ti−1 is the maximum between immediate exerciseh(X ti−1 ) and the continuation value E[V ti |X ti−1 ] which is the discounted present value of holding the option rather than exercising it at time t i . We denote the continuation value as:
Since the payoff h(X t N ) ≥ 0 is always non-negative, we can set C t N = 0 i.e. at expiry it is no longer optimal to hold the option. Conversely, we obtain the value function V ti for i = 1, ...., N :
At the last step t 0 = 0, we estimate the option value as:
where M is the number of simulated paths of the Heston process X t .
Kriging Approach
The continuation value C remain a 'Black box' and a pivotal piece in the valuation of American option. In the Monte Carlo framework, the continuation value can be viewed as following estimation problem:
where f i−1 is a measurable function and ti−1 is the error term with mean 0 and variance σ ti−1 . Longstaff and Schwartz [8] introduced an innovative parametric approach to derive the continuation value. For in the money paths, they estimate C via linear combination of K basis function φ k (X) which are dependent on the underlying stochastic process X:
with β i−1 minimizing error term ti−1 in equation (8):
Although LSM is a reliable and precise algorithm, finding the sufficient number of simulations and optimal number of basis function [4] is becoming more difficult to perform with higher dimensional stochastic processes. For this purpose, we introduce a non-parametric approach Gaussian process regression.
A Gaussian process (GP) is a collection of random variables where any subset has a Gaussian distribution. A Gaussian process:
is only defined by the mean m(X) and covariance matrix K(X, X T ) for a positive and symmetric kernel K. There are many choices for kernel but one of most preferred kernels is the squared exponential function:
Where the hyperparameters σ f and l are found by maximizing the log-likelihood. Since this kernel is symmetric and positive, it produces positive definite and symmetric covariance matrix.
Due to the flexibility of GPR, we don't need to use all the simulated paths to estimated all the parameters. We select a random subset X ti−1 of the simulated paths of size M and V ti the corresponding path-wise option values. Using equation (8), we can represent the option value as a Gaussian distribution:
We have to find the optimal hyperparameters η = (σ f , l, σ ti−1 ). For this reason we introduce the marginal likelihood p(V ti |X ti−1 ):
We have
. Finally, we arrive at log-likelihood:
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By maximizing the log-likelihood in (15), we obtain the desire parameters η = (σ f , l, σ ti−1 ) for the Gaussian process regression. We have divided the total number of simulations into two sets X ti−1 (learning set) and the complement X * ti−1 (prediction set). If we apply same estimates to the prediction set we get a noise-free estimation of the continuation value for the entire set:
A more detailed derivation on GPR is discussed by Rasmussen and Williams [14] .
Employing the GPR method, we obtain an estimation of continuation value:
We can writeC ti−1 = P ti−1 V ti where P ti−1 is the projection operator onto F ti−1 -measurable Gaussian Processes. We can also apply the learning stage on a smaller set than total amount of paths generated because GPR is computationally heavy with O(M 3 ) operations. Lastly, we improve the Kriging approach by including control variates (CV) in similar fashion as Rasmussen N. S. [13] . We use European put options control variates Y T = h(X T ) with maturity time T = t N written on the same underlying stochastic process and apply it directly to continuation value. In terms Gaussian process regression, we adjust the continuation value with the projection operator P t , in the following way:
whereν ti−1 minimizes the variance of C CV ti−1 :
We calculate the discounted price of European option p ti−1 = E[h(X t N )|X ti−1 ] at each path via fast Fourier transform method described by Carr and Madan [2] . At each step, we adjust the control variate as
At the last step, the control variate Y t0 is applied directly to the value of the option V t0 .
Numerical Study
We design the numerical test to compare the three mentioned algorithms: LSM, Kriging and Kriging with CV over a set of different parameters. In the first part, we use standard examples and benchmarks from literature [12] to test the algorithms' efficiency. In the second part, we compare the methods on realistic parameters by first calibrating the Heston model to the market data from CBOE on Russell 2000 Index Options (RUT) and S&P 500 Index Options (SPX).
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Synthetic Data Experiment
Let t 0 = 0, t 1 , ..., t N = T be the equidistant discretization of the interval [0, T ] with the difference ∆t = T N . Then for i = 1, 2, ..., N , we can rewrite the discrete risk-neutral Heston dynamics (1) for sufficiently small ∆t:
where { S,ti , v,ti } i=1,...,N are i.i.d. random variables with standard normal distribution. This discretization method is also known as Euler-Maruyama. We replicate the correlation < dW Q 1,t , dW Q 2,t >= ρ by constructing the random variable < S,t , ρ S,t + 1 − ρ 2 v,t >= ρ which has the same correlation and behavior. We replace the terms v ti−1 with max(v ti−1 , 0) due to the fact that v ti in discrete approximation may reach negative values for some extreme states of volatility.
For the three methods, we use backward dynamic programming formulation in (4) but we update the option value function:
In this way, we don't add the errors from the estimation of continuation value in the option value function calculations. In the LSM algorithm, we estimate the continuation value C as in equation (9) with the following basis functions in terms of stock prices S and volatility v:
The interaction terms between S and v are necessary to capture the correlation ρ of the Brownian motions of the stock price and its volatility. For the Kriging algorithm, we are estimating the continuation value C via Gaussian process regression (16) on the basis function {S, v} and a random learning subset of paths of size M 0 . Whereas, in the Kriging with CV we adjusting previous continuation value C as in equation (17), performing the other 3 GPR on the same set of basis functions.
In Table 1 , we present the results for S 0 ∈ {90, 100, 110}, T ∈ {0.25, 0.5} and v 0 ∈ {0.04, 0.09, 0.16} to account for in the money (ITM), at the money (ATM) and out of the money options (OTM) options with different maturities T and riskiness v 0 . For all of the test, GPR algorithm approximates the American options prices with a precision of up to 3 fold than LSM. With the addition of control variate, GPR algorithm further improves the precision (up to 10 fold) especially for high volatility, OTM options and high maturity. In Figure 1 , we show that all 3 algorithm converge slowly as the number of simulated paths M increases with O( √ M ) speed. The GPR-CV algorithm reaches a suitable error even with M as low as 2000. This showcases that Kriging with CV algorithm needs little information to output high precision results. Table 1 . Convergence of American put option prices computed by Least Square Method, Gaussian process regression with/without control variate averaged over 100 independent runs versus PSOR Benchmark. Parameters: K = 100, r = 0.05, κ = 3, θ = 0.04, σ = 0.1, ρ = −0.7, N = 100 ,M = 5000 and M 0 = 2000
Market Data Experiment
We aim to price American options on RUT and SPX indexes with LSM and GPR-CV. We select European put and call option prices of the 2 indexes at "24-08-2015" having stock prices S RU T = 1111.69 and S SP X = 1893.2, with maturity "19-12-2015" (T=0.32) and "18-03-2016" (T=0.57) and with strike prices K in range of 10% of the stock price. For both indices, we derive the dividend yield q and interest rate r using Put-Call parity on the market data prices via a linear regression as in Ackerer [1] :
where C mkt , P mkt are the market prices of the call and put with strike price K and maturity T on index S 0 . We calibrate the parameters of the Heston model by minimizing the mean squared distance between the Black-Scholes implied volatility of market option prices and Heston option prices [1] :
where O are the set of options on the same index, σ imp mkt is the implied volatility of market price of the option and σ Table 2 . Calibrated Parameters
With the calibrated parameters, we apply the same procedure as in Section 3.1 to price the American options on RUT and SPX indices and report the results in the Table 3 . We arrive at the same conclusion that GPR-CV algorithm outperforms LSM algorithm especially for OTM options.
Conclusions
We have laid down the backward dynamic principle for American options pricing in the context of Monte Carlo methods. We have presented the LSM and Kriging approach in Table 3 . Performance of LSM, GPR-CV on RUT and SPX versus PSOR benchmark. Parameters from Table 2 and N = 100 ,M = 5000, M 0 = 2000. * American Option price calculated via explicit scheme with discretization ∆ S = 2 10 , ∆v = 2 9 and ∆ T = 2 20 .
this framework together with control variate adjustment. In particular, we have shown that GPR method always outperforms LSM algorithm especially when combined with European counterpart as a control variate but at an additional computational cost. The numerical results on OTM options illustrate that GPR-CV is well equipped to deal with minimal amount of information and provide precise pricing results.
